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Searches for gravitational wave echoes in the aftermath of mergers and/or formation of astrophys-
ical black holes have recently opened a novel and surprising window into the quantum nature of
their horizons. Similar to astro- and helioseismology, study of the spectrum of quantum black holes
provides a promising method to understand their inner structure, what we call quantum black hole
seismology. We provide a detailed numerical and analytic description of this spectrum in terms of
the properties of the Kerr spacetime and quantum black hole horizons, showing that it drastically
differs from their classical counterparts. Our most significant findings are the following: (1) If the
temperature of quantum black hole is . 2× Hawking temperature, then it will not suffer from er-
goregion instability (although the bound is looser at smaller spins). (2) We find how quantum black
hole spectra pinpoint the microscopic properties of quantum structure. For example, the detailed
spacing of spectral lines can distinguish whether quantum effects appear through compactness (i.e.,
exotic compact objects) or frequency (i.e., modified dispersion relation). (3) We find out that the
overtone quasinormal modes may strongly enhance the amplitude of echo in the low-frequency re-
gion. (4) We show the invariance of the spectrum under the generalized Darboux transformation of
linear perturbations, showing that it is a genuine covariant observable.
I. INTRODUCTION
Since the establishment of quantum mechanics and general relativity in the last century, constructing a theory of
quantum gravity that integrates these two has been one of the biggest open questions in physics. Although numerous
models of quantum gravity have been proposed, the major uncertainty is what occurs at the Planck scale. Therefore,
the best way to test the models of quantum gravity is to find observable phenomena in which the Planckian physics
can be probed.
Recently, gravitational-wave (GW) echoes have been attracting much attention as a probe of the Planckian physics
that may appear near the black hole (BH) horizons. Examples of such new physics include firewalls [1], membranes
[2], Gravastars [3], Fuzzballs [4], and Exotic Compact Objects (ECOs) [5, 6], along with many other possibilities
[7–10]. Two of the authors also recently pointed out that the modified dispersion relations at high frequencies may
lead to the echo signals after the formation of BHs [11]. The common feature in all these models is that, in contrast
to general relativity, which only has an ingoing wave solution at the BH horizon, the signal partially reflects near the
horizon, generating quasiperiodic signals with a period dependent on the BH’s mass and spin [12–14]. In general, the
nonzero reflectivity of a BH could suffer from the ergoregion instability [15] that is caused by an infinite amplification
due to the superradiance and nonzero reflectivity near the would-be horizon. This makes spinning BHs unstable. To
avoid this, the reflectivity should be smaller than around 0.648 for which the ergoregion instability is quenched up to
a¯ = 0.99999 [16, 17].
Although there are many quantum gravitational models which may lead to GW echoes, almost all of the theoretical
echo analyses have been done under the assumption of constant reflectivity, that is, the reflectivity near the horizon
is assumed to be independent of the incoming frequency or the BH spin. Recently, two of the authors and Wang
proposed the Boltzmann reflectivity model [18, 19] in which the energy reflectivity is given by e−|ω˜|/TH , where ω˜ is the
frequency of incoming GWs in the horizon frame and TH is the Hawking temperature. It is important to accurately
predict the observational features of GW echoes from these models, not only to understand which model is correct,
but also to maximize the possibility of finding these possible signals.
In this paper, we study the observational signatures of echoes for constant reflectivity, as well as generalized
Boltzmann reflectivity models, where quantum horizon temperature may differ from TH. We present in detail the
modeling of GW echoes from spinning BHs, which can be used to obtain the outgoing echo spectrum from an arbitrary
initial signal [19, 20]. While the term black hole spectroscopy is widely used (e.g., [21]), it often refers to quasinormal
mode spectra of classical black holes that probe the classical geometry near the light ring. In contrast, we opt to call
our study quantum black hole seismology, as modes of quantum black holes live near their would-be horizons and
probe their inner quantum structure (following similar applications of the term of “seismology” for stars and planets).
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2The organization of this paper is as follows: In the next section, we introduce the constant and Boltzmann reflectivity
models and summarize the constraints on their reflectivities from the ergoregion instability. In Sec. III, the details of
the template for GW echoes in Kerr spacetime are presented1 based on the Chandrasekhar-Detweiler (CD) [24] and
Sasaki-Nakamura (SN) equations [25]. In Sec. IV, we discuss two echo models based on the ECO and the modified
dispersion relation scenarios and investigate the difference between them in the spectrum of GW echoes. We also
investigate the effect of overtone quasinormal modes (QNMs) and how the echo spectrum depends on the spin of BH
and on the phase shift of GWs at the would-be horizon. In the latter part of this section, we show the invariance of
the product of the reflectivity at the would-be horizon and the reflection coefficient of the angular momentum barrier
under the generalized Darboux transformation, which guarantees the invariance of the peak frequencies in the echo
spectrum under the generalized Darboux transformation. The final section is devoted to conclusions.
In a forthcoming paper [26], we investigate the consistency between the generalized Boltzmann reflectivity model
and the tentative echo detection of GW170817 [27] and discuss the detectability of echo signals from stellar collapse or
failed supernovae, based on our methodology provided in this paper. Throughout the manuscript, we use the natural
unit ~ = c = 1, and we denote the mass and angular momentum of a Kerr BH as M and a (≡ a¯GM), respectively,
where G ≡ 1/M2Pl is the gravitational constant and MPl is the Planck mass.
II. MODELS AND CONSTRAINTS ON THE REFLECTIVITY
The amplitude and typical frequency of echoes depend on the reflectivity R, the phase shift at the would-be horizon
δwall, and the reflection radius x0. In this work, we investigate GW echoes with the following two models:
R =
Rce
iδwall constant reflectivity model,
exp
(
− |ω˜|
2TQH
+ iδwall
)
Boltzmann reflectivity model,
(1)
where Rc is a real constant, ω˜ ≡ ω−mΩH , ΩH ≡ a¯2GM(1+√1−a¯2) is the horizon frequency, m is the azimuthal number,
TQH is the Quantum Horizon temperature, and δwall is the phase shift at the would-be horizon.
This general form for Boltzmann reflectivity was first introduced in [11], as a result of the modified dispersion
relation for gravitational waves near BH horizons:
Ω˜2 = K˜2 + iηΩ˜K˜2 − C2dK˜4, (2)
where a reflectivity of the form (1) with the following was shown:
TQH =
pi(1 + 4C2d/η
2)√
2 + 4C2d/η
2
TH, (3)
where Cd and η are parameters that control the dispersion and dissipation effects, respectively, and K˜ and Ω˜ are
proper frequency and proper wave number of GWs, respectively, in the frame corotating with the horizon. The
analytic form in (3) provides a good approximation to the solutions to the modified wave equation for C2d  η. In
contrast, [18] provides general arguments for Cd = 0 and γ > 0, which leads to the Boltzmann reflectivity of quantum
horizons with TQH = TH. Of course the quantum gravity is still unknown physics and so we do not know the specific
form of the Planckian correction to the dispersion relation. Therefore, in this manuscript, we treat the quantum
horizon temperature as a parameter that, in general, differs from the Hawking temperature
TQH 6= TH ≡ 1
4piGM
( √
1− a¯2
1 +
√
1− a¯2
)
. (4)
In other words, we generalize the classical geometry near the would-be horizon to allow for a temperature that differs
from the standard Hawking temperature for the quantum structure that reflect GWs. This makes sense as the original
Hawking temperature relies on classical geometry near BH horizons [28] that can be modified in a quantum theory of
BHs.
1 The GW echoes from a Kerr BH was investigated in [19, 22] and the analytic approximation is discussed in [23].
3FIG. 1: Constraint on Rc from the ergoregion instability up to the Thorne limit 0 ≤ a¯ ≤ 0.998.
We also consider two types of the reflection radius x0 with respect to the tortoise coordinate
x0 =
xm ≡ −
1
2piTH
log
(
M
γMPl
)
, for ECO
xf ≡ − 12piTH log
(
MPl
γ|ω˜|
)
, for modified dispersion relation
(5)
where γ is a constant which determines the energy scale of exotic physics responsible for the reflection2. If reflection
happens at the surface of an ECO, which stands at γ× proper Planck length outside the would-be event horizon, then
x0 = xm, independent of the frequency of incoming GWs. On the other hand, in the modified dispersion relation
model [11, 18, 19], the reflection happens when the blue-shifted horizon-frame frequency of incoming GWs approaches
Planck frequency /γ. However, in Sec. IV A we will show that there is only small difference between them except near
ω = mΩH . Throughout the manuscript, we assume γ = 1, which is equivalent to assuming that the relevant energy
scale at the would-be horizon is the Planckian energy. The fundamental frequency of GW echoes, fecho, is given by
fecho =
1
2|x0| , (6)
which defines the quanta of the quansinomral mode frequencies of the quantum black holes [19].
Let us now summarize our findings for ergoregion instability for different reflectivity models: As we discussed in
the Introduction, to avoid the ergoregion instability, an upper bound should exist for the constant reflectivity Rc.
The numerical calculation of the superradiance predicts that the maximum amplification at a¯ = 0.998 is around 0.91,
and so if Rc has no spin dependence, it should be smaller than
1√
1+0.91
' 0.72 in order to avoid the instability in the
range of 0 ≤ a¯ ≤ 0.998 (see FIG. 1),3 where the upper bound of a¯ ≤ 0.998 is known as the Thorne limit [29]. Allowing
the spin dependence of Rc, the constraint on Rc can be relaxed. However, as far as we know, there is no concrete
theoretical model to predict a constant reflectivity and there is no specific prediction for the phase shift at the would-
be horizon. In this manuscript, we therefore simply treat the phase shift δwall as a parameter. We then turn to the
more physical model provided by the Boltzmann reflectivity of Eq. (1) [11, 18, 19]. In FIG. 2, we show the constraint
on the ratio TH/TQH to avoid the ergoregion instability. We see that, in order to suppress the ergoregion instability
with generalized Boltzmann reflectivity, the quantum horizon temperature should satisfy TQH . 1.86×TH. Therefore,
if only a dissipation term [the second term in Eq. (2)] exists in the modified dispersion relation, the reflectivity is
given by a Boltzmann factor with respect to the Hawking temperature TH = TQH [18], which does not lead to the
instability. Using Eq. (3), the bound for the quantum horizon temperature can be translated into C2d . 0.5γ2 for the
modified dispersion relation (2).
2 Ref. [11] investigated the GW echoes induced by the modified dispersion relation (2) and found the relation between η and γ, which is
given by γ ' (4C2d + η2)/
√
2C2d + η
2.
3 The amplification factor is 1.38 for the near-extremal case a¯ = 0.99999 [16], and so if such a BH exists in the Universe, the maximum
reflectivity should be around 0.64 to quench the ergoregion instability [17].
4FIG. 2: Constraint on TH/TQH from the ergoregion instability. One can read that TH/TQH = 1 has no instability up to the
Thorne limit a¯ ≤ 0.998 [29].
III. TEMPLATE FOR GW-ECHOES IN KERR SPACETIME
In this section, we provide the details of the computation of a template for GW echoes in Kerr spacetime by using
the (real wave) CD and (complex wave) SN equations. GW echoes from a Kerr BH were investigated in [19, 22, 30]
and the analytic approximation is discussed in [23].
A. Wave equations in the Kerr spacetime and boundary conditions
The spacetime around a Kerr BH with its mass M and angular momentum of aM is described by the following
metric
ds2 = −
(
1− rsr
Σ
)
dt2 +
Σ
∆
dr2 + Σdθ2 +
(
r2 + a2 +
rsra
2
Σ
sin2 θ
)
sin2 θdφ2 − 2rsra sin
2 θ
Σ
dtdφ, (7)
where Σ ≡ r2 + a2 cos2 θ and ∆ ≡ r2 − 2GMr + a2 = r2 − rsr + a2. The perturbations around the Kerr background
spacetime ψs (a spin-s field) can be obtained by solving the Teukolsky equation [31]. Expanding the spin-s field in
spin-weighted spheroidal harmonics sSlm(θ),
ψs(t, r, θ, φ) =
1
2pi
∫
e−iωt
∞∑
l=|s|
l∑
m=−l
eimφRlm(r)sSlm(θ)dω (8)
the Teukolsky equation reduces to the following form:
∆−s
d
dr
(
∆s+1
dRlm
dr
)
− VsRlm = −Ts, (9)
Vs ≡ −
(
K2 − isK∆′
∆
+ 2isK ′ − λs
)
, (10)
where λs ≡ sAlm + a2ω2 − 2amω, K ≡ (r2 + a2)ω − am, and sAlm is the separation constant. Ts in (9) is the source
term and determines the excitation of QNMs. The spheroidal harmonics satisfies the following equation:
1
sin θ
d
dθ
(
sin θ
dsSlm
dθ
)
+
(
a2ω2 cos2 θ − m
2
sin2 θ
− 2aωs cos θ − 2ms cos θ
sin2 θ
− s2 cot2 θ + s+Aslm
)
sSlm = 0,
(11)
5and requiring the regularity of the solution (11), one can obtain the value of sAlm [32]. The wave equation (9) is
imaginary and it has its long range potential. However, one can transform the Teukolsky equation by using the general
Darboux transformation [24]
sXlm = ∆
s/2(r2 + a2)1/2
(
ξ(r)sRlm + ζ(r)∆
s+1 dsRlm
dr
)
, (12)
where the two transformation functions ξ and ζ are related by
ξ2 − ξ′ζ∆s+1 + ξζ ′∆s+1 − ζ2∆2s+1Vs = constant. (13)
Using the tortoise coordinate dr∗ ≡ dr(r2 + a2)/∆, one can obtain the following wave equation:
d2sXlm
dr∗2
− VsXlm = −T˜s, (14)
where the potential is given by
V ≡ ∆U
(r2 + a2)2
+G2 +
dG
dr∗
, (15)
G ≡ s(r −M)
r2 + a2
+
r∆
(r2 + a2)2
, (16)
U ≡ Vs + 2ξ
′ + (ζ ′∆s+1)′
ζ∆s
, (17)
and the explicit form of a transformed source term T˜s is given in [24]. The choice of ξ and ζ are arbitrary, provided that
the condition (13) is satisfied, and it is possible to choose the functions ξ and ζ so that the resulting potential in the
wave equation is purely real. The derivation of real angular momentum potentials was pioneered by Chandrasekhar
and Detweiler [24, 33]. They found four kinds of transformation functions
ξij =
2
√
2ρ4
|κ|∆
[
Ξi + Θij
(
3r∆
ρ4
+ iω
)]
, (18)
ζij = −2
√
2∆ρ2Θij/|κ|, (19)
where the suffixes i and j take +1 or −1 and the definition of the functions ρ, Ξij , Θij , and κ are shown in Appendix
A. The resulting potential is given by
Vij = −K
2
(r2 + a2)2
+
ρ4∆
(r2 + a2)2
[
λ(λ+ 2)
g + bi∆
− bi ∆
ρ8
+
(κijρ
2∆− h)(κijρ2g − bih)
ρ4(g + bi∆)(g − bi∆)2
]
+
[
r∆am/ω
(r2 + a2)2ρ2
]2
− ∆
(r2 + a2)
d
dr
[
r∆am/ω
(r2 + a2)2ρ2
]
.
(20)
and
b±1 ≡ ±3(a2 − am/ω), (21)
κij ≡ j
{
36G2M2 − 2λ [(a2 − am/ω)(5λ+ 6)− 12a2]+ 2biλ(λ+ 2)}1/2 . (22)
Note that the real potentials Vij become singular when g(ω)+bi(ω)∆ = 0, but the singular frequency region is different
for a different choice of (i, j). Therefore, we need to use the four real potentials complementarily to obtain regular
mode functions in the entire frequency space. Recently, Glampedakis, Johnson, and Kennefick found out that solutions
to the CD real wave equation with the potentials V−1,±1 and V+1,∓1 are related by the Darboux transformation [34].
The fact that the solutions with the different potentials are related by the Darboux transformation is important since
it guarantees that they lead to the same reflection/transmission amplitudes and QNM spectra. We shall return to
this point later to show the invariance of echo spectra under the generalized Darboux transformation.
In the following, we omit the subscripts s, l, and m for brevity. The solution of a homogeneous (real) wave equation
(14) has the asymptotic form of
X ∼
{
Aine
−iωr∗ +Aouteiωr
∗
for r∗ →∞,
Bine
−iω˜r∗ +Bouteiω˜r
∗
for r∗ → −∞, (23)
6FIG. 3: The left panel shows the energy flux amplification factor |R→BH|2 − 1 for a¯ = 0.8 and l = m = 2. The red solid line is
calculated by using the real potential of V−1,+1 and blue dashed line is calculated from V+1,−1 to avoid the singular behavior
of V+1,−1 (V−1,+1) at the low (high) frequency region. The right panel shows the same amplification factor for ω ≤ mΩH
(2GMω ≤ 1). The maximum amplification factor is around 0.0125.
where Ain/out and Bin/out represent the amplitudes of ingoing/outgoing mode functions at infinity and at horizon,
respectively. Since the complex conjugate of X is also a solution of (14) due to the real potential, the Wronskian
W ≡ XdX∗/dr∗ −X∗dX/dr∗ is constant. Calculating the Wronskian at r∗ → ±∞ and using the Wronskian relation
of W (r∗ = −∞) = W (r∗ = +∞), one obtains the following relation:
ω˜(|Bout|2 − |Bin|2) = ω(|Aout|2 − |Ain|2). (24)
If one considers the incident wave from outside/inside the potential, the above equation gives the energy conservation
law for incident, reflected, and transmitted waves
|Ain|2 = |Aout|2 + ω˜
ω
|Bin|2, (25)
|Bout|2 = |Bin|2 + ω
ω˜
|Aout|2. (26)
Then one obtains the the relation between the energy reflectivity and transmissivity
1 = |R←BH|2 +
ω˜
ω
|T ←BH|2, (27)
1 = |R→BH|2 +
ω
ω˜
|T →BH|2, (28)
where the amplitude reflectivities and transmissivities, R→BH (R←BH) and T →BH (T ←BH), are defined by Bin/Bout (Aout/Ain)
and Aout/Bout (Bin/Ain), respectively. We show the numerically calculated energy flux amplification factor in FIG.
3. To cover the frequency region of 0.001 ≤ 2GMω ≤ 2, we used two real potentials, V−1,+1 and V+1,−1, which are
related by the Darboux transformation. Although it was shown that [34] arg[T →BH] is invariant under the Darboux
transformation, arg[R→BH] is not. Moreover, neither is invariant under the generalized Darboux transformation. How-
ever, in Sec. IV D we will show that R(ω)R→BH is invariant under the transformation, which means that the frequency
peaks in echo spectrum and the QNMs of GW echoes are invariant under the generalized Darboux transformation,
as expected on physical grounds.
Although the CD potentials are real and short range (compared to Teukolsky), they are singular in a certain
frequency region depending on the parameters a, m, and ω. As another option, one can use the SN equation, which
has a short range and regular potential for any parameters and in the whole frequency space, but it has a generally
complex potential. Sasaki and Nakamura have transformed Eq. (9) so that it reduces to the Regge-Wheeler equation
in the limit of a→ 0 and it has the form of [25](
d2
dr∗2
− sFlm(r) d
dr∗
− sUlm(r)
)
X = −TSN , (29)
where TSN is the source term in the SN expression, and the explicit forms of sFlm and sUlm are given in [25, 35].
7The SN equation (29) asymptotically reduces to
(
d2
dr∗2
+ ω˜2
)
X = −TSN , for r∗ → −∞,(
d2
dr∗2
+ ω2
)
X = −TSN , for r∗ → +∞.
(30)
Therefore, the homogeneous SN equation has the solution of superposition of ingoing and outgoing modes at the
asymptotic regions r∗ → ±∞
sXlm =
{
Aeiω˜r
∗
+Be−iω˜r
∗
for r∗ → −∞,
Ceiωr
∗
+De−iωr
∗
for r∗ → +∞, (31)
where A, B, C, and D are arbitrary constants.
In order to solve the homogeneous wave equations of (14) or (29), imposing a proper boundary condition is necessary
and the boundary condition should be determined by the physical property of a spinning BH’s horizon. Although
only the ingoing mode e−iω˜r
∗
is allowed in the near-horizon limit in general relativity, it could be also true that the
quantum gravitational effect may lead to a nontrivial configuration at r ' r+ + δr with δr/r+  1, which partially
reflects ingoing GWs near the surface. Imposing a boundary condition of reflectivity R(ω), the mode function satisfies
X ∼
{
e−iω˜r
∗
+R(ω)eiω˜r∗ for r∗ → −∞,
eiωr
∗
for r∗ → +∞. (32)
The constant and Boltzmann reflectivity models give R(ω) = Rceiδwall and R(ω) = e−|ω˜|/(2TH)eiδwall , respectively.
Since the Hawking temperature approaches to zero temperature in the extremal limit, the Boltzmann reflectivity of
a rapidly spinning quantum BH may be exponentially suppressed.
B. Green’s function technique and transfer function for GW echoes
In this subsection, we briefly review the technique to obtain the solution of the wave equation with a reflective
boundary. Let us begin with the calculation of the Green’s function based on the CD equation(
d2
dr∗2
− Vij
)
G(r∗ − r∗′) = δ(r∗ − r∗′). (33)
In order to construct the Green’s function with the reflective boundary, we need two linear independent homogeneous
solutions:
X(in) ∼
{
e−iω˜r
∗
for r∗ → −∞,
Aoute
iωr∗ +Aine
−iωr∗ for r∗ → +∞, (34)
X(up) ∼
{
Bine
−iω˜r∗ +Bouteiω˜r
∗
for r∗ → −∞,
eiωr
∗
for r∗ → +∞, (35)
where X(in) and X(up) represent the homogeneous solutions with an ingoing mode at horizon and with an outgoing
mode at infinity, respectively. Using the mode functions (34) and (35), one can construct the Green’s function for the
boundary condition (32) with R(ω) = 0, which is given by
GBH(r
∗, r∗′) =
X(in)(r∗<)X
(up)(r∗>)
WBH
, (36)
where r∗< ≡ min(r∗, r∗′), r∗> ≡ max(r∗, r∗′), and WBH ≡ 2iω˜Bout is the Wronskian of X(in) and X(up). Therefore, the
Fourier mode of GWs at infinity and near the horizon for R = 0 can be obtained as
lim
r∗→∞X(r
∗) = −X(up)(r∗)
∫ +∞
−∞
dr∗′
X(in)(r∗′)T˜ (r∗′)
WBH
≡ X(up)Z∞(ω), (37)
lim
r∗→−∞X(r
∗) = −X(in)(r∗)
∫ +∞
−∞
dr∗′
X(up)(r∗′)T˜ (r∗′)
WBH
≡ X(in)ZBH(ω). (38)
8When R 6= 0, the Schwarzschild Green’s function, GBH, needs a modification since the ingoing GWs near the horizon,
whose amplitude is ZBH, also contribute to the GWs at infinity. Using the geometric optics approximation [20], one
can obtain the amplitude of the n th echo
Z
(n)
BH = TBHRnRBHn−1e−2inω˜x0 × ZBH(ω), (39)
and the total echo amplitude is given by
∞∑
n=1
Z
(n)
BH =
TBHRe−2iω˜x0
1−RRBHe−2iω˜x0 ZBH ≡ K(ω)ZBH. (40)
Note that the transfer function K(ω) is derived from the sum of the geometric series of the common ratio of RRBH. If
|RRBH| ≥ 1, the sum of the geometric series does not converge, i.e., the Fourier transform of an unstable system is not
well defined. Finally, we obtain the spectrum of echoes for a spinning BH based on the geometric optics approximation
as follows:
X(r∗) = −
∫ +∞
−∞
dr∗′G(r∗, r∗′)T˜ (r∗′) = (Z∞ +KZBH)eiωr∗ ≡ X˜eiωr∗ . (41)
Implementing the inverse Fourier transform of (41), one can obtain the corresponding time domain function.
C. Superradiance and ergoregion instability
The reflection near the BH horizon and superradiance may lead to the ergoregion instability, which gives the
constraint on the reflectivity of a spinning BH. The superradiance is a process by which incoming radiation is enhanced
and reflected by extracting the rotation energy of the spinning BH. The amplification factor is a good measure of
superradiance. In the CD expression, the amplification factor of a spinning BH, Zslm, is
Zslm ≡ |Bin|
2
|Bout|2 − 1 = |R
→
BH|2 − 1. (42)
We only consider the reflection/transmission of outgoing incident waves in the following, and so we will omit the
symbol “→”. We calculate the reflection and transmission coefficients, RBH and TBH, by numerically integrating
the CD equation and the obtained amplification factor, Z−222 = |RBH|2 − 1, is shown in FIG. 4. We also calculate
the amplification factor for various spin parameters by using the SN equation to check the consistency (with details
provided in Appendix B). These numerical results are consistent with the analytic expression of the amplification
factor for the low-frequency regime, ωGM  1 [36]:4
Zslm ' 4Qβsl
l∏
k=1
(
1 +
4Q2
k2
)
[ω(r+ − r−)]2l+1, (43)
where r− is the radius of the inner horizon,
√
βsl ≡ (l−s)!(l+s)!(2l)!(2l+1)!! and Q ≡ −
r2++a
2
r+−r− ω˜. We numerically obtain the
amplification factor of Z−222 ' 0.91 for a¯ = 0.998 which is the maximum spin known as the Thorne limit.
Remember that |RRBH| ≥ 1 leads to the divergence of the infinite sum of the geometric series in (39), which is
nothing but the ergoregion instability [17]. One can understand this from the point of view of the QNMs of a reflective
BH. The poles in the Green’s function of GW echoes can be obtained by looking for the zero points of the denominator
of the transfer function K
1−RRBHe−2iω˜nx0 = 0. (44)
Solving this equation in terms of the QNMs ω˜n, one obtains
ωn =
2pin+ (δwall + δBH)
∆techo
+mΩH + i
ln |RRBH|
∆techo
, (45)
4 For a spinning BH resulting from a 30M − 30M binary BH merger, the analytic expression in (43) may be a good approximation up
to a few 10 Hz, but deviates from the numerical result from ∼ 100 Hz.
9FIG. 4: The frequency dependence of the amplification factors with a¯ = 0.01, 0.3, 0.6, and 0.998 are shown (black solid lines).
Red dashed lines are the analytic function of (43).
where ∆techo ≡ 2|x0|, δwall ≡ arg[R] and δBH ≡ arg[RBH]. Then we obtain the real and imaginary parts of the echo
QNMs
Re[ωn] ' 2pin+ (δwall + δBH)
∆techo
+mΩH , (46)
Im[ωn] ' ln |RRBH|
∆techo
∣∣∣∣
ω=Re[ωn]
, (47)
and in the low-frequency regime (GMω  1), one can obtain the analytic expression of the imaginary part of QNMs
by using (43)
Im[ωn] ' ln |R|
∆techo
+
2Q
∆techo
βsl
l∏
k=1
(
1 +
4Q2
k2
)[(
2pin+ (δwall + δBH)
∆techo
+mΩH
)
(r+ − r−)
]2l+1
. (48)
Therefore, the positivity of the imaginary part of QNMs, which leads to the instability, is equivalent to having
|RRBH| > 1. One can also see that the real part of QNM frequency only depends on the phases of the reflectivities
at the would-be horizon and the angular momentum barrier.
Using the criterion of |RRBH| < 1, which guarantees that there is no ergoregion instability, we put the constraints
on Rc (FIG. 1) and TH/TQH (FIG. 2) up to the Thorne limit [37]. The parameters characterizing the reflectivity such
that |RRBH| exceeds unity should be excluded. The Boltzmann reflectivity has its perfect reflectivity at ω = mΩH
and it can be approximated as
|R| = 1− 1
2TQH
|ω˜| for ω ' mΩH . (49)
On the other hand the amplification factor is approximated as Z ' (dZ/dω)ω˜  1 near the horizon frequency. In
order for the ergoregion instability to be suppressed, the following inequality should be satisfied
|RRBH| = e−|ω˜|/(2TQH)
√
1 + Z ' 1 +
(
1
2TQH
+
1
2
dZ
dω
)
ω˜ ≤ 1 for ω˜ ≤ 0, (50)
from which one can obtain the lower bound for TH/TQH as
TH/TQH ≥ −TH(dZ/dω)|ω=mΩH . (51)
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FIG. 5: Plots of (a) |dZ/dω|ω=mΩH and (b) TH |dZ/dω|ω=mΩH in the spin range of 0.1 ≤ a¯ ≤ 0.998.
In FIG. 5, we show the values of |dZ/dω| at ω = mΩH up to a¯ ≤ 0.998, and one finds the lower bound of TH/TQH &
0.537. In FIG. 6 we also plot |RRBH| for a¯ = 0.998 and one can see TH/TQH & 0.537 suppresses the ergoregion
instability. For the constant reflectivity, we have the maximum amplification factor of 0.91 at a¯ = 0.998 that gives
Rc . 0.72.
FIG. 6: Plot of |RRBH| with the Boltzmann reflectivity model. The spin parameter is a¯ = 0.998.
D. Modeling the initial data
When the source term is located at r∗ = xs, that is T˜ = C(ω)δ(r∗−xs), Eqs. (37) and (38) give a relation between
Z∞ and ZBH
ZBH
Z∞
=
RBH + e−2iω˜xs
TBH , (52)
which is independent of the function C(ω) [38]. Plugging this into (41), one can read
X˜ = Z∞
(
1 +KZBH
Z∞
)
= Z∞
(
1 +K+echo +K−echo
)
, (53)
K+echo ≡
RBHRe−2iω˜x0
1−RRBHe−2iω˜x0 , (54)
K−echo ≡
e−2iω˜xsRe−2iω˜x0
1−RRBHe−2iω˜x0 . (55)
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Based on the geometric optics picture, we can provide a reasonable interpretation for K+echo and K−echo. Let us expand
(54) and (55) in the form of the summations of geometric sequences
K+echo =
∞∑
n=1
RnRnBHe−2iω˜x0 , (56)
K−echo = e−2iω˜xs
∞∑
n=1
RnRn−1BH e−2iω˜x0 . (57)
One finds that n reflections are involved in the n th echo in (56), and on the other hand, (n − 1) reflections and
phase shift of 2xs× ω˜ are involved in (57). This implies that we now have two echo trajectories between the would-be
horizon and the angular momentum barrier (FIG. 7). Since we are interested in GW echoes connected to the BH
ringdown, we will omit K−echo in the following, and will use the transfer function of
X˜/Z∞ = 1 +K+echo =
1
1−RRBHe−2iω˜x0 , (58)
which is equivalent to the transfer function derived in [19].
We assume that GW echoes are excited by GW ringdown, whose spectrum is well expressed by the QNMs ωlmn
(n = 0, 1, 2, ...). We model the amplitude of the ringdown signal Z∞ as [32]
Z∞ =
2GM
Do
A˜lmn
[
eiφlmnSlmn(θ)α+ + e
−iφlmnS∗lmn(θ)α−
]
, (59)
α± ≡ −Im[ωlmn]
Im[ωlmn]2 + (ω ± ωlmn)2 , (60)
where Do is the distance between the GW source and observer, ωlmn is the n th QNM (ωlm0 is the least damping
QNM), A˜lmn is the initial amplitude, θ is the viewing angle, and φlmn is the phase of ringdown GWs. The amplitude
FIG. 7: A schematic picture showing the reflections of GWs sourced by T˜ = C(ω)δ(r∗ − xs) at the angular momentum barrier
and would-be horizon.
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of initial data A˜lmn is related to the radiation efficiency, rd, defined as
rd ≡ EGW
M
, (61)
where EGW is the energy of ringdown GWs emitted in the (l,m, n) QNM. Then the relation between A˜lmn and rd is
given by [32]
A˜lmn =
√
16pi2rd
M Im[ωlmn]2F
'
√
16pird
GMQlmnωlmn
, (62)
where Qlmn is the quality factor of QNM of ωlmn, whose fitting function is provided in [32], and F is
F ≡
∫ ∞
0
dωω2
(
1
((ω + Re[ωlmn])2 + Im[ωlmn]2)2
+
1
((ω − Re[ωlmn])2 + Im[ωlmn]2)2
)
. (63)
The second near equality in (62) is a good approximation for n = 0. In the following, we will use n = 0, the least
damping QNM, to model Z∞, but we will show that the overtones (n > 0) can enhance the amplitude of GW echoes
in the low-frequency region in Sec. IV C. In FIG. 8, as an example, we show a time domain function of ringdown and
echo phases by implementing the inverse Fourier transform of X˜(ω):
h(t, r∗) ≡
∣∣∣∣∫ ∞−∞ dωX˜(ω)eiω(r∗−t)
∣∣∣∣ . (64)
FIG. 8: A time domain function with M = 2.7M, a¯ = 0.7, Do = 40 Mpc, rd = 0.04, θ = 90◦, and ` = m = 2 in the
Boltzmann reflectivity model with γ = 1, TH/TQH = 0.6, and x0 = xm.
IV. ECHO SPECTRUM
A. ECOs or the Planckian corrections in the dispersion relation?
To the best of our knowledge, there are two mechanisms to explain the emission of GW echoes. One is the reflection
at the surface of ECOs or the mirror angular momentum barrier of a wormhole. Another one is the reflection of highly
blue-shifted GWs in the vicinity of the horizon due to a possible Planckian modification in the dispersion relation
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FIG. 9: Schematic picture showing two echo mechanisms based on the reflection due to exotic compact objects (top) and the
reflection due to the Planckian correction in the dispersion relation (bottom).
of GW (FIG. 9). In the former case, the reflection position is at a fixed proper microscopic distance (e.g., a Planck
length) outside the would-be horizon. In this case, the approximate point of reflection is given by x0 = xm in (5) in
tortoise coordinate [top line in Eq. 5]. On the other hand, in the latter case the reflection position may depend on the
frequency of incoming GWs because the reflection due to the Planckian modification in the dispersion relation would
take place when the frequency of incoming GWs reaches the Planckian frequency near the horizon. Therefore, lower
frequency incoming GWs can approach closer to the horizon until they reach the Planckian frequencies. In this case,
therefore, the position of the reflection surface may be given by x0 = xf in (5). An interesting question is how this
difference in the echo mechanisms changes the echo spectrum. Using two different reflection positions given in (5), the
difference between them is shown in FIG. 10, where 1− |xm/xf| is plotted for m = 0 and 2 as a function of the spin a
and frequency of incoming GWs f . In both cases, one can see that there is small dependence on frequency although
x0 = xm with m = 2 becomes large in the very vicinity of the horizon frequency mΩH . That is, the number density
of peaks in frequency space becomes higher at ω ' mΩH (see FIG. 11), compared to the case of x0 = xm. However,
in the tentative detection of echoes following GW170817 [27] (which we shall discuss in a forthcoming paper [26]),
the relevant frequency is around ∼ 100 Hz but the horizon frequency is larger than 1000 Hz for a¯ & 0.2. Therefore,
in the following, we only investigate the case of x0 = xm. The echo spectra for x0 = xm and x0 = xf, based on the
Boltzmann reflectivity model, are shown in FIG. 12 for comparison.
B. Spin dependence of echo spectrum
Here, we study the spin dependence of echo spectra calculated by using the transfer function introduced in the
previous section. The spin dependence of echo spectra in the constant and Boltzmann reflectivity models with m = 2
are shown in FIG. 13 with a fixed energy of ringdown GWs. One can read that a highly spinning BH leads to smaller
amplitude of echoes at low frequency. This is because the least-damped QNM frequency is higher for a highly spinning
BH and so the amplitude at low frequency is suppressed due to the energy conservation. The amplitude of GW echoes
for the Boltzmann reflectivity model is amplified compared to the former case. The echo amplitude at ω ∼ mΩH
is highly excited since the reflectivity at the frequency is almost unity (FIG. 13). We also consider the case where
an ` = 2,m = 0 mode dominated the ringdown GWs. Such a situation may occur, for example, after the long-lived
remnant of a neutron star merger became almost spheroidal before collapsing into a BH. The spin dependence of echo
spectra with m = 0 is also shown in FIG. 13, which has small spin dependence compared to the case of m = 2. This
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FIG. 10: Relative difference between the echo reflection points in tortoise coordinates, for ECOs (xm) versus the modified
dispersion relation (xf ), as a function of frequency for m = 2 and 0. The mass of a spinning BH is assumed to be 2.7M.
FIG. 11: Plot of the echo spectra (` = m = 2) near the horizon frequency for x0 = xm (red) and xf (blue). Here we set
M = 2.7M, a¯ = 0.7, rd = 0.04, Do = 40 Mpc, and θ = 90◦. We use the Boltzmann reflectivity model with TH/TQH = 0.6
and γ = 1.
is because the least damping QNM of m = 0 has less dependence on the spin of BHs.
C. Importance of overtone in the amplitude of GW echoes
The reported tentative detection of echoes in GW170817 [27] uses the GW observations at f . 1000 Hz, which is
well below the (real part of) frequency of the least damping QNM ∼ 5000 Hz. We here show that if the overtone
QNMs are dominant when the ringdown phase starts,5 the amplitude of GW echoes are highly enhanced at this
low-frequency region (FIG. 14). 6 Although a detailed comparison with the claimed echoes of GW170817 [27] will be
deferred to a forthcoming paper [26], we explain here why the overtone effect enhances the amplitude of GW echoes
5 Recently, it was also pointed out [39] that the overtone QNMs (n ∼ 4) may dominate the early ringdown in the numerical simulations
of binary BHs [40].
6 In the Boltzmann reflectivity model with ` = m = 2, the reflectivity at the would-be horizon is highly suppressed in the low-frequency
region and so the enhancement of echo amplitude with m = 0 is more significant than the case of m = 2.
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FIG. 12: Echo spectra for x0 = xm (red) and x0 = xf (blue) in the Boltzmann reflectivity model with TH/TQH = 0.6. Here we
take a¯ = 0.1, 0.4, and 0.7 with m = 2 and m = 0. Other parameters are same as in FIG. 11.
FIG. 13: Spectra for GW echoes (upper: ` = m = 2, lower: ` = 2, m = 0) from a remnant BH of M = 2.7M and a¯ = 0.1
(red), 0.4 (blue), and 0.8 (green) in the constant reflectivity model with Rc = 0.5 (left) and Boltzmann reflectivity model with
TH/TQH = 0.6 and γ = 1 (right). We set θ = 90
◦, Do = 40 Mpc, and rd = 0.04.
in the low-frequency region. Since the overtone QNMs lead to the sharp wave packet in the time domain, it becomes
broad in the frequency domain. Therefore, it can highly enhance the amplitude in the low frequency compared to the
case where the least damping QNM dominates the early ringdown.
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FIG. 14: Spectra for GW echoes (` = 2, m = 0) with a single dominant QNM [n = 0 (red), n = 1 (purple), n = 2 (blue), and
n = 3 (green)] from a remnant BH of M = 2.7M and a¯ = 0.85 in the constant reflectivity model with Rc = 0.5 (left) and the
Boltzmann reflectivity model with TH/TQH = 0.6 and γ = 1 (right). We set θ = 40
◦, Do = 40 Mpc, and rd = 0.04.
D. Phase shift at the would-be horizon and the invariance of RRBH under the generalized Darboux
transformation
The phase shift at the would-be horizon, δwall = arg[R], is one of the important components to determine the
structure of the echo spectrum since the denominator of K, which has the form of 1−RRBHe−2iω˜x0 , determines the
peaks of the echo amplitude in frequency space. One can rewrite the denominator as
|1−RRBHe−2iω˜x0 | = |1− |RRBH|e−2iω˜x0+iδwall+iδBH |
=
√
1− 2|RRBH| cos (2ω˜x0 − δwall − δBH) + |RRBH|2
=
√
(1− |RRBH|)2 + 2|RRBH|(1− cos (2ω˜x0 − δwall − δBH)).
(65)
The second term vanishes when 2ω˜x0 − (δwall + δBH) = 2pin, where n is an integer. Therefore, the peaks in the
spectrum for GW echoes fpeak exist at
fpeak =
ω
2pi
=
(
n+
δwall + δBH
2pi
)
fecho +
mΩH
2pi
, (66)
where fecho ≡ 1/|2x0|, which coincides with the real parts of QNMs [see Eq. 46]. This means that the phase shift
at the would-be horizon can be probed by measuring the echo spectral peaks in frequency space, which does not
depend on the reflectivity near the horizon [41]. In FIG. 15, we plot the echo spectra for δwall + δBH = −2x0mΩH
and δwall + δBH = pi − 2x0mΩH . However, in general, the reflection coefficient RBH depends on the variable of the
wave equation. As an example, we plot the reflection coefficient of the mode function for the CD and SN equations in
FIG. 16, which shows that the reflection coefficients of CD and SN equations, R(CD)BH and R(SN)BH , respectively, differ
significantly. However, one can show that RRBH is invariant under the generalized Darboux transformation. The
generalized Darboux transformation relates a variable y to Y by the following relation
Y = ξ(r∗)y + ζ(r∗)
dy
dr∗
, (67)
and both variables y and Y satisfy the following canonical wave equations:(
d2
dr∗2
+ ω2 − v(r∗)
)
y = 0,
(
d2
dr∗2
+ ω2 − u(r∗)
)
Y = 0, (68)
where ξ and ζ are transformation functions, and v and u are localized potential barriers. Let us assume that the
transformation functions satisfy lim
r∗→−∞ ξ ± iω˜ζ = C±f±(r
∗), where C± is a constant and f±(r∗) is a function which
does not converge to a finite constant in r∗ → −∞.7 We also assume the asymptotic form of y as
lim
r∗→−∞ y = Aine
−iωr∗ +Aouteiωr
∗
, (69)
7 For example, when the variables y and Y are associated with the variables of the CD and Teukolsky equations, respectively, f+ = ∆2
and f− = 1 for a spin-(−2) field.
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FIG. 15: Spectra for GW echoes (` = m = 2) from a remnant BH of a¯ = 0.4 with δwall + δBH = −2x0mΩH (blue; consistent
with the QNM structure reported for GW170817 in [27]) and pi − 2x0mΩH (red) in the Boltzmann reflectivity model with
TH/TQH = 1 and γ = 1. The dashed line shows the ringdown spectrum with the same parameters. We set rd = 0.04,
M = 2.7M, θ = 20◦, and Do = 40 Mpc.
where Ain and Aout are constants. In this case, the form of Y in the limit of r
∗ → −∞ is given by
lim
r∗→−∞Y = Ain(ξ − iω˜ζ)e
−iωr∗ +Aout(ξ + iω˜ζ)eiωr
∗
= AinC−f−(r∗)e−iωr
∗
+AoutC+f+(r
∗)eiωr
∗
.
(70)
Therefore we obtain the reflection coefficient with the variable Y as
R(Y )BH ≡
AinC−
AoutC+
= R(y)BH
C−
C+
. (71)
Not only the reflection coefficient, but also the boundary condition should be also transformed by the generalized
Darboux transformation. Let us suppose that in the original expression the boundary condition is given by
lim
r∗→−∞ y = e
−iωr∗ +R(y)eiωr∗ . (72)
The transformation (67) gives the corresponding boundary condition of (72) in the expression of Y as
lim
r∗→−∞Y = (ξ − iωζ)e
−iωr∗ +R(y)(ξ + iωζ)eiωr∗ = C−f−e−iωr∗ +R(y)C+f+eiωr∗ , (73)
FIG. 16: The absolute value and argument of the reflection coefficient with a¯ = 0.8 and ` = m = 2 in the CD (blue dashed)
and SN (red solid) equations.
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FIG. 17: Plots of R(SN)/R(CD) for a¯ = 0.1, 0.4, 0.6, and 0.8 with ` = m = 2.
which is equivalent to the boundary condition of
lim
r∗→−∞Y = f−e
−iωr∗ +R(Y )f+eiωr∗ , (74)
with R(Y ) ≡ R(y)C+
C−
. (75)
From (71) and (75), we finally obtain
R(Y )BHR(Y ) = R(y)BHR(y), (76)
which means that the QNMs of GW echoes are invariant under the generalized Darboux transformation.
On the other hand, this also means that the value of reflectivity imposed at r∗ = x0 depends on a variable of linear
perturbations. To give an example, we show the frequency dependence of the ratio R(y)/R(Y ) = R(Y )BH /R(y)BH for CD
and SN variables in FIG. 17. One can find out that the value of reflectivity depends on which variable is chosen and
so when we use the SN or Teukolsky equations, whose reflection coefficients calculated from mode functions are not
equivalent to the root of energy reflectivity, one has to properly transform the boundary condition.
V. CONCLUSION
We have provided a detailed framework for calculating GW echo emission from spinning BHs based on the CD
and SN equations, which can be applied for physical reflectivities expected from quantum event horizons. Using this
framework:
1. We have put constraints on the reflectivity of quantum BHs, to avoid ergoregion instability up to the Thorne limit
a¯ ≤ 0.998, yielding a constraint on the energy reflectivity, Rc . 0.72, for the constant reflectivity model. For
the (generalized) Boltzmann reflectivity model, we find the upper bound for the quantum horizon temperature
of TQH . 1.86× TH.
2. We also investigated how the spectrum depends on the assumed constant/Boltzmann reflectivity model, the
spin of the BH, and the phase shift at the would-be horizon. The echo amplitude for the Boltzmann reflectivity
model is larger than that for the constant reflectivity model for any spin and for both m = 2 and m = 0 modes.
3. We pointed out that the amplitude of GW echoes in the low-frequency regime can be highly enhanced when the
overtone QNMs dominate the early ringdown phase. For a BH mass of ∼ 3M this regime is around 100 Hz,
which is relevant for ground-based detectors. A detailed study of how overtones can affect the observability of
echoes following BH formation will be presented in a forthcoming paper [26].
4. We investigated GW spectra with two different echo mechanisms, i.e. the ECO scenario and the modified
dispersion relation scenario. The former scenario gives the mass-dependent reflection radius r∗ = xm and the
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latter one gives the frequency-dependent reflection radius r∗ = xf. We found out that the difference in echo
spectra can be seen in the very vicinity of the horizon frequency, where the number density of echo peaks in the
frequency space is higher for r∗ = xf. In other frequency regions, both spectra match very well.
5. The locations of echo peaks in frequency space depend on the phase shift at the would-be horizon δwall. For
example, δwall + δBH = −2x0mΩH and pi− 2x0mΩH give the echo peaks located at nfecho and at (n+ 1/2)fecho,
respectively. The tentative detection of echoes in GW170817, if real, would be consistent with the former case
[27].
6. Finally, we also found the invariance of RRBH under the generalized Darboux transformation, which means
that the echo QNMs are invariant under the transformation and are genuine covariant observables.
The differences in the spectral features between different mechanisms can be probed by future observations. By
applying the methodology outlined in this work, we will discuss in a forthcoming paper [26] GW echo signals from
astrophysical stellar collapses, such as binary neutron stars and failed supernovae.
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Appendix A: Explicit for of the functions ρ, Ξi, Θij, and κ
In this appendix, we provide the exact expressions for some functions in the CD equation.
ρ2 ≡ r2 + a2 − am/ω, (A1)
Ξi ≡ ∆
2
ρ8
(F + bi), (A2)
Θij ≡ iω + 1
F − bi
(
∆
ρ2
dF
dr
− κij
)
, (A3)
κ ≡ (λ2(λ+ 2)2 + 144a2ω2(m− aω)2 − a2ω2(40λ2 − 48λ) + aωm(40λ2 + 48λ))1/2
+ 12iωGM,
(A4)
F ≡ λρ
4 + 3ρ2(r2 − a2)− 3r2∆
∆
, (A5)
g ≡ λρ4 + 3ρ2(r2 − a2)− 3r2∆, (A6)
h ≡ g′∆− g∆′. (A7)
Appendix B: Calculation of the amplification factor from the SN equation
The amplification factor is an observable quantity and so it does not depend on the variable of perturbation. In
this appendix we review the procedures to obtain the amplification factor from the SN equation and compare the
amplification factors obtained from the CD and SN equation for a consistency check. The solution of the homogeneous
SN equation has the asymptotic form of
sXlm =
{
A˜ine
−iω˜r∗ + A˜outeiω˜r
∗
for r∗ → −∞,
B˜ine
−iωr∗ + B˜outeiωr
∗
for r∗ → +∞, (B1)
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FIG. 18: The amplification factors calculated in the CD and SN equations for a¯ = 0.8 and l = m = 2.
and the energy flux spectra near the horizon in terms of the amplitudes A˜in and A˜out are given by [22]
dEout
dω
=
8ωω˜
|b20|
|A˜out|2, dEin
dω
=
8ωω˜
|C2| |A˜in|
2. (B2)
Therefore, one can obtain the energy reflection and transmissivity of the angular momentum barrier
|Iref|2 ≡ |C|
2
|b0|2
∣∣∣∣∣ A˜outA˜in
∣∣∣∣∣
2
, (B3)
where |C| and b0 are given by
|C|2 ≡ λ4 + 4λ3 + λ2(−40a2ω2 + 40amω + 4) + 48aλω(aω +m)
+ 144ω2(a4ω2 − 2a3mω + a2m2 + 1/4), (B4)
b0 ≡ λ2 + 2λ− 96ω˜2G2M2 + 72ω˜GMr+ω − 12ω2r2+
− i [16ω˜GM(λ+ 3− 3GM/r+)− 12GMω − 8λr+ω] .
(B5)
Then we numerically confirmed that both the CD and SN equations give the consistent amplification factor as is
shown in FIG. 18.
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